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Abstract 

We generalise the results by Bigorajska and Kotlarski about partition- 
ing a- large sets, by extending the domain up to ordinals below e w . These 
results will be very useful to give a miniaturisation of the infinite Ramsey 
Theorem. 
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1 Introduction 

McAloon, in 1985, writes down in |McA85j : 

It would be interesting to develop proofs of these results with the 
"direct" method of a-large sets of Ketonen-Solovay JKS811. 

The results he speaks about concern Paris-Harrington incompleteness using fi- 
nite Ramsey theorems. In that paper he gives a first order axiomatization of 
the first order consequences of ACAo + RT, where RT stands for the infinite 
version of Ramsey's theorem. 

Ketonen and Solovay used the a-largeness in their paper on rapidly growing 
Ramsey functions ([KS81]), in which they extend the famous result of Paris and 
Harrington. They established sharp upper and lower bounds on the Ramsey 
function by purely combinatorial means. Bigorajska and Kotlarski generalised 
their ideas to ordinals below Eq and obtained several results on partitioning 
a-large sets (see |BK99| lBK02[ lBK06j ). This paper is dedicated to generalise 
those latter results in order to allow ordinals up to e u . 
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After giving definitions and preliminary results, we focus on the estimation 
lemma. This lemma will be crucial to partition a-large sets in the final sec- 
tion. In a following paper we show how these results can be used to prove a 
miniaturisation of the infinite Ramsey Theorem. 



2 Definitions and preliminary results 

As mentioned in the introduction, our results are generalisations of the ones of 
Bigorajska and Kotlarski. We assume that the reader has a copy of their papers 
(|BK99, BK06 ) in hand. Moreover, to avoid repetition as much as possible, we 
define only those notions which are not yet defined in BK99, BK06 . Towards 
the end of this section proofs often are very similar to the ones of Bigorajska 
and Kotlarski, so we refer to their paper if possible. 

Henceforth e-% will sometimes be used to denote ui, for the sake of generality 
of notation. We will only consider ordinals below and use Greek letters to 
write them down. Letters of the Latin alphabet will denote natural numbers. 
Unless clearly stated otherwise, these agreements hold for the rest of the paper. 

We first need to generalise definitions given in BK06 . We introduce a 
standard notation for each ordinal and define the pseudonorm of an ordinal a 
as the maximum of the greatest natural number occurring in this notation and 
its height h(a). 

Definition 1. Let a < e u . 

1. 1(a) := min{n 6 N : a < £„}; 

2. h(a) := min{n £H:a< tow„(e;( ct )_ 1 )}; 

3. We say a is written in normal form to the base e m if 

a = e a n l> -Co+C 1 - 6 + ■•■+<# -6, 

for some a\ > ai > . . . > a s and < & < e m , for < i < s. If 
in = 1(a) — I, then we say a is written in normal form and write down 

4- If ol is written in normal form, define 

( max{/i(a),psn(a ), ■ • ■ , psn(a s ), psn(£ ), ■ • ■ ,psn(£ s )} 



psn(a) 



if a > lj 

a 

if a < uj 



If a is (written) in normal form to the base e m , i.e. a — •£() + • • • + £ m "£a> 
we sometimes use the notion short normal form to speak about a — • Co + ^A? 
or about a = tp + • £ s , depending on the situation. 

The notions |3 > a and j3 ^> a, are defined as in the literature, but we 
use /? in normal form and a in normal form to the base eups-i, instead of the 
Cantor normal form for both ordinals. 
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Lemma 1. Let a < e w and m > 1(a) — 1 Let a = •£() + ••• + £ m ' £s be 
written in normal form to the base e m . Then 

psn(a) > max{psn(a ), . . . , psn(a s ), psn(£ ), ■ • • ,psn(£ s )}. 

Proof. We consider two cases: m = 1(a) — 1 and m > 1(a) — 1. 

Case 1. m = l(a) — 1. Thena=jv_F e^ 1 -£o + - • - + £ m "£« and the statement 
follows by the definition of psn(a). 

Case 2. m > /(a) — 1. Then a = ■ a and the statement becomes 
trivial. □ 

For each limit A we define a sequence X[n] of ordinals converging to A from 
below. In the next definition we only cover those cases not dealt with in [BK06 . 

Definition 2. Let X be a limit ordinal below e u , written in normal form, and 
n be a natural number. 

1. If A = s m , with m > 0, then X[n] = tow„(e m _ 1 ); 

2. IfX = e^ +1 , with m > -I, then X[n] = ef n ■ e m [n\; 

3. If X — ej^ , with m > — 1 and ip a limit, then X [n] = etn^ ; 

4. IfX = ef n ■ (a + 1), with m>0, then X[n] = ■ a + e%\n]; 

5. If X = ej^ • £, with m > and £ limit, then X[n] = ■ 

6. IfX = f4°-£o+- ■ •+e I A „ s is, with m>0, then X[n] = <4°-£o+- • M^n <*) W- 
We shall call the sequence X[n] the fundamental sequence for X. 

As we have extended our notion of fundamental sequence, now we can state 
the following lemma. 

Lemma 2. For every limit j3 < e w we have: 

(Va < /3)(Vn > l)(psn(a) < n => a < P[n}). 

Proof. By induction on ft The case (3 = is trivial. Assume the statement is 
proved for a < ft Let j3 = e^-ft+ft (in short normal form) and a = -a±+a 2 
(in short normal form to the base e m ). The proof reduces to the following case 
study. 

(a) /3 >a Q :a<e^< egj ■ ft + ft[n] = f3[n}. 

(b) ft = a : 

i. ft > ai : a < ■ ft < e£° • ft + ft[n] = ftn]. 

ii. ft = ai : We must have a2 < ft. Since ft is a limit ordinal, we 
can apply the induction hypothesis to obtain a 2 < P 2 [n] and so 

a = C ■ a t + a 2 = e% ■ ft + a 2 < ■ ft + ft[n] = ftn]. 
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2. (3 2 = : 

(a) /3 > a : 

i. /3i > 1 : Then /^[n] > 1 and we have a < < e^°-/3i[n] = /?[n]. 

ii. A = 1 : 

A. f3 = f3' + 1 : Then a < Since ct\ < e m and psn(ai) < 
psn(a) < n, we have a\ < tow„(e m _i). All together this 

yields a = • a x + a 2 < Sm ■ tow n (e m _i) = (3[n]. 

B. /3q limit : Since ao < f3o and psn(ao) < psn(a) < n, the 
induction hypothesis yields ao < Po[n], and thus a = • 
«i+a 2 <s^ [n] =0[n]. 

(b) /?o = ao '■ We must have /3\ > ct\. 

i. ^ =/3[ + 1 : Then f3[ > ai . 

A. /3 = /3 + 1 : Since a 2 < and psn(a2) < psn(a) < n, we 

a' 

have a 2 < Sm ■ tow„(e m _i). So, 

a = e^ 1 ■ ai + a 2 
= ■a 1 +a 2 

= P[n]. 

B. /?o limit : Since a 2 < = efy, we can write a 2 = ef°-£,i+S, 2 , 
with £ < A)- 11 w e combine this with psn(£ ) < psn(a2) < 
n, then the induction hypothesis implies £ < A)[ n L and so 
a 2 < £*'"'. Finally we obtain 

a = C ■ «i + «2 = e£ -a 1+ a 2 < e% ■ (3[ + = (3[n}. 

ii. Pi limit : Similarly as above the induction hypothesis implies 
P\[n] > a x and so a — e%> ■ cti + a 2 < • Pi[n] = (3[n\. 

□ 

Definition 3. For a, (3 < we write (3 =>„ a if there exists a finite sequence 
ao, . . . ,au of ordinals such that ao — (3, at = a and a m+ i = a m [n] for every 
m < k. 

Lemma 3. For every (3 < e u we have: 

(Va < /3)(Vn > l)((psn(a) < n) => {[3 =>„ a)). 

Proof. The proof goes by transfinitc induction on f3. 
If (3 equals zero, then the statement is trivial. 

Let /? = 7 + 1. If a = 7, then a = f3[n] and so (3 => n a. If a < 7, then apply 
the induction hypothesis to obtain 7 =>„ a. Now j3[n] — 7 yields (3 a. 

Let (3 be a limit ordinal. Due to the previous lemma we know a < (3[n\. 
Apply the induction hypothesis to obtain (3[n\ =$> n a, and so (3 => n a. □ 
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Lemma 4. Let a,k,m € N, such that 1 < k < a. Then 

\{a < tow fc (e m ) : psn(a) < a}\ — tow fe (tow a (. . . (tow a (a + 1)) . . .)). 

V v ' 

m+1 times 

Proof. Take any aeN, with 1 < a. The proof proceeds by double induction on 
m and k < a. Let TV™ (a) — {a < towfc(e m ) : psn(a) < a}. We want to prove 
that 

|JVn°)l = tow fc ( tow «(- ■ • (tow. (a + 1)) • • •))• 

v ' 

m+1 times 

1 . 7TL = 

(a) k — 1 : We have 

\N?(a)\ = \{a<e :psn(a)<a}\ 

— \{a < tow a (w) : psn(a) < a}\ 

= tow a (a + 1) 

= towi(tow a (a +1)), 

where the last equality is a result from the proof of Lemma 3.5 in 
[BK06] . 

(b) k — > k + 1 : Assume the statement for k and let k + 1 < a and 
Njt(a) — {a , . . . ,a r } in decreasing order. Every a £ iV° +1 written 
in normal form to the base £o (which is slightly changed by allowing 
some coefficients to be zero) may be identified with the sequence of 
its coefficients, whose exponents are ao, . . . ,a r . It follows that 

Ki(«)l = (K(a)|)KWI 

= (tOW a (a + 1))t°w fc (tow a (a+l)) 

= tow fe+ i(tow a (a +1)) 

2. m — >• m + 1 : Assume the statement is proven for m. 

(a) /c = 1 : Using the induction hypothesis we obtain 

\N[ n+1 (a)\ = \{a < e m+1 : psn(a) < a}\ 

= \{a < tow a (e m ) : psn(a) < a} 

= tow a (tow a (. . . (tow (o + 1)) . . .)) 
V ' 

m+1 times 

= tow Q (. . . (tow Q (a + 1)) . . .) 

m+2 times 

= towi(tow a (. . . (tow a (a + 1)) . . .)). 



m+2 times 
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(b) k — > k + 1 : Reasoning in a similar way as done in 1. (b) and using 
the induction hypothesis and 2. (a), we obtain 

\N%?(a)\ = (|jVr +1 (a)|)l^ m+1 («)l 

tow fc (tOW a (. . . (tOW a (a+l))...)) 

= (tow«(. . . (tow«(a + 1)) . . .)) m+2 timos 

V * ' 

m+2 times 

= tow fc+ i(tow (. . . (tow a (a + 1)) ■ • .))) 

" V ' 

m+2 times 

which concludes the induction and therefore the proof. 



□ 

Remark that, for k > a, 

N™{a) = {a < towfc(e m ) : psn(a) < a} 
= {a < tow a (e m ) : psn(a) < a} 
= N™(a). 

Let h : N — > N be an increasing function. We define the Hardy hierarchy 
based on h as follows: 



ho(x) = x 
h a+1 (x) = h a (h(x)) 
h\(x) = h x[x] (x), 

with A a limit ordinal. In general h will be the successor function h{x) = x + 1. 
However, if we consider a specific set A C N, we work with the successor function 
in the sense of A. Thus h denotes the function defined on A which associates 
with every a € A (or a G A \ {max A} if A is finite) the next element of A. In 
this case we sometimes explicitly write h£. 

Lemma 5. For all m > 1 and a > 1, we have for all x > 0, 

'''cj 2 -2am 

(x) > tow a (. . . (tow a (x + 1)) • • ■)• 



Proof. Fix a > 1. By induction on m. 

If to = 1, then h u 2.2 a (x) > tow a (x + 1), by Lemma 4.5 in (BK06 . 

Assume the statement is proven for to, we prove it for m + 1. The case 



G 



m = 1 and the induction hypothesis imply 

h u 2 -2a(m+l){ x ) > ^amih^ . 2a (x)) 

(tow a (x + l)) 

> tow a (. . . (tow Q (tow Q (x + 1) + 1)) . . .) 

m times 

> tow a (. . . (tow a (x + 1)) . . .), 

S v ' 

m+l times 

which completes the proof. □ 
Lemma 6. For every a < s u : 

1. h a is increasing; 

2. For every (3,b if a =H (3 then if h a {b) exists then hp(b) exists and h a (h) > 
h p (b). 

Proof. By simultaneous induction on a. □ 
Lemma 7. For all m > and a > 3, we have 

h £ m ( a ) > ^ 2 -2a(m+3)(«)- 

Proof. By induction on m. 
If m = 0, then 

h e „(a) = ^tow a (w)(a) 

= ^2.80(80) 

= ^ 2 -2a(^ 2 -6a(8a)) 

> ^ 2 -6a(8a) 

> h u 2. 6a (a), 

where the last inequality holds because h a is an increasing function. Due to 
Lemma EH we have tow a (cj) => a a; 3 + u> ■ 3, since psn(aj 3 + oj ■ 3) = 3 < a and 
oj 3 + u; • 3 < tow a (o;). Then the first inequality is implied by Lemma [6] 
Assume the statement holds for m, we prove it for m + l. We have 

h e m+ i(a) = ^tow a (e m )(a) 

> h Sm . 2 {a) 

= h Sm (h Sm (a)) 

> h Sm (h ul 2. 2a (m+3)(o-)) 

= ^w 2 -2a(m+4)(^w 2 -2a(m+2) (a)) 

> h u 2 . 2a (m+4)(a) • 
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The first inequality holds because of Lemma [S] The second inequality is due to 
the induction hypothesis. The third inequality holds because of the induction 
hypothesis and Lemma |3] The last inequality is also due to Lemma [3J □ 



Lemma 8. For all m > and a > 3, we have 



h €m (a) > 2tow a (. . . (tow a (a + 1)) . . .). 



m+2 times 



Proof. Combine Lemma [5] and Lemma [3 with 



tow a (. . . (tow a (a + !))...)> 2tow a (. . . (tow a (a + 1)) . . .)• 



m-}-3 times m+2 times 



□ 



3 The estimation lemma 

We need to generalise the notion of natural sum. The idea remains the same as 
for ordinals below £o- 

Definition 4. Let a and j3 be ordinals below e u . We define their natural sum 
a® ft by induction on m = max{/ (a), I (/?)}• • 

If m — 0, then a, fj < Eq and the definition is as before. 

Assume we have defined the natural sum for all ordinals 7, 6 such that 
max{?(7), 1(8)} = m and let max{Z(a), l(/3)} = m + 1. Let a = e"° ■ £0 + 
. . . + e", s • £ s and f3 — ■ 770 + . . . + • rj u , both in normal form to the base e m . 
Permute items of both of these expansions so that we obtain a nonincreasing 
sequence of exponents. Then write this sequence as the normal form to the base 
e m of some ordinal which we denote a®p. While doing so, if on = j3j for some 
then use the induction hypothesis to obtain £j © rjj as the coefficient of the 
term with exponent on. 

Lemma 9. Ifhp@ a (o) 4-> then hp o h a (a) \. and hp o h a (a) < hp^ a (a). In other 
words, if a set A is f3®a-large, then there exists u E A, such that {a G A : a < u} 
is a-large and {a £ A : u < a} is P -large. 

Proof. The proof goes in exactly the same way as in |BK06j , but one should use 
the extended notions of normal form and natural sum. □ 

Let us identify the greatest ordinal < a whose pseudonorm is < a. We 
define the symbol GO(a, a) for a > and a > by induction on a. We let 
GO(a, 1) = 0, GO(a,w) = a and GO(a,e m ) = GO(a, tow a (e m _i)), for m > 0. 
Remind the notational agreement e_i = ui. Other cases are as follows: 
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Before giving the limit step we put, for m > — 1 and v > 1, 
GO(a, C) = e™ ^"' ' GO(a, e m ) + GO(o, 

and 

„ ., Je^.GO(o,V) + GO(o,e^) if psa(u) < a, 

KjU{a,e m ■ ip) — < go(o,i/) ^^.z \ . GO(a,i/)s . f , . 

[e m • GO(a,e m ) +GO(o,e m ; ) if psn(^) > a, 

where e v m and e v m ■ i\) are written in normal form and ip > is a limit. Finally, 
if a = £ + e^j • "0 in short normal form, with £ ^ 0, we consider two cases: 

1. If i/j = <j> + 1, then write a = £' + e,^, where £' = £ + • 0, and define 
GO(o,a) 



£' + G0(a,O if psn(£')<a, 
GO(a,f) if psn(£')>a- 



2. If is a limit ordinal, then 
GO(a,a) = 



£ + GO(a,C-V) if psn(0<o, 
GO(a,£) if psn(£)>a. 



We extend Lemma 3.6 of }BK06j . 

Lemma 10. For every a > and every a > we have: for all 7 if j < a and 
psn('y) < a 7 f/ien 7 < GO(a, a). 

Proof. We extend the proof given in |BK06j for a < £q and allow a > eq- 

So, let a = s m , with to > 0, and 7 < a. If in addition psn(7) < a, then 
7 < tow a (e m _i), by the definition of psn. We apply the induction hypothesis 
to obtain 

7 < GO(a,tow a (e m _i)) = GO(a,e m ). 

Now, let a = e v m with v > 1 and assume that for each /3 < a the lemma 
holds. Let 7 < e u m and psn(7) < a. Write 7 = £^ ■ £ + with ^> ^ 
and £ < e m . Then /i < is, because 7 < a. Since to > £(7) — 1, Lemma [T] 
implies psn(£) < psn(7) < a. Now apply the inductive assumption to v to 
obtain /1 < GO (a, v). Because psn(£) < a and £ < e m , the induction hypothesis 
applied to e m yields £ < GO(a,e m ). Moreover psn(V>) < psn(7) < a and 
< e^j, so -0 < £m°' a '"'. Thus by the induction hypothesis applied to this 
ordinal, we get ip < GO(a,£m°' a ' 1 ''). All together we obtain 

7 = & • £ + < • GO(a, e m ) + GO(a, sg°^). 

Consider a = e v m ■ ip, where a is written in normal form and ip is a limit. 
Assume that for each f3 < a the lemma holds. Let 7 < e v m ■ and psn(7) < a. 
Write 7 = • £ + with et^ ;§> and £ < e m . We consider two different cases: 
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1. n = v : Then £ < ij) and, since psn(£) < psn(7) < a, we may apply the 
induction hypothesis to the ordinal to obtain £ < GO(a, V0- Further- 
more 4> < = e v m . Applying the induction hypothesis to this last ordinal 
yields 4> < GO(a,e^). Combining the previous, we find 

7 = • £ + < e v m ■ GO(a, V) + GO(a, < n ) - GO(a, C • 
since psn(i^) = psn(/i) < psn(7) < a. 

2. ji < v : Since psn(/i) < psn(7) < a, we can apply the induction hypothesis 
to v and obtain /i < GO(a,v). Since £ < e m and psn(£) < a, we have 
by the induction hypothesis £ < GO(a, e m ). Furthermore, since <f> < 
£m < Em°' a! "' and psn(</>) < psn(7) < a, the induction hypothesis yields 
<j> < GO(a,£™ M ). We obtain 

7 = • £ + ^ < e^ '" • GO(a, e m ) + GO(a, e£° (a ^) < GO(a, • V), 

which completes this case. 

Finally, let a = £ + e v m ■ ip. We consider two different cases. If ip is a limit 
ordinal the proof is analogous to the one for a = £ + uj v . If ip = <p+ 1, then first 
write a = £' + e^, where £' = £ + £^ • 0, and now proceed in the same way as 
in the first case. □ 

Definition 5. Define F : (< e w ) — > (< e w ) fry the following conditions: 

1. F(0)=0; 

2. F(a + 1) = F(a) + l; 

3. /3 > a ^ F(f3 + a) = F(/3) 

^. F(cj") = w" + a;™- 1 + . . . + lu" for n < uj; 

5. F(uj a ) =u a -2 + 1 for a>uo. 

Let us write an explicit formula for F. We write 

a = L0 a " ■ oo + . . . + • a s + uf l ■ m n + . . . + w° • m , 

in normal form to the base w, with the difference that we allow some m^'s to be 
zero. Then F(a) is equal to 

uj ao -2a + ...+ uj a ° ■ 2a s 
+uj n ■ m n + • (m„ + m n -i) + . . . + u>° ■ (m„ + . . . + m ) 

+(a + . . . + a s ). 

In the next lemma we investigate the relation between the pseudonorm of a 
and the one of F(a). 
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Lemma 11. Let a < with 1(a) — 1 = in and a = psn(a). Then 
psn(F(a)) < 2tow a (...(tow„(a+l))...). 

V v ' 

m+2 times 

Proof. By induction on the complexity of a. 
If a — 0, then psn(a) = and so 

psn(F(a)) = psn(0) = < tow a (a + 1). 

If a = a/™, with n <lj, and write a in its normal form a = £™ x ■ 1. We have 

F(a) - F(u n ) = cj" + u"- 1 + . . . + w°. 

So the normal form of F(a) equals e r t 1 ■ 1 + e"L^ •! + ...+ • 1. This yields 



psn(F(a)) < max{/i(f (a)), psn(n), psn(n — 1), ... , psn(0), psn(l)} 
= max{/i(a), n, 1} 
= psn(a) 
= a 

< 2tow a (a + 1). 

Let a = u)P, with ft > u), and write a in its normal form a — ■ £o, for 
some m > — 1. We have 

= F(uj f3 ) =u l3 -2 + l = a-2 + l. 
So the normal form of F(a) equals • £o • 2 + e°„. This yields 

psn(F(a)) < max{h(F(a)), psn(a ), Psn(£o ■ 2), psn(0), psn(l)} 

< max{ft(a), psn(a ), 2 • psn(£ )} 

< 2 • psn(a) 
= 2a 

< tow a (. . . (tow a (a + 1)) . . .). 

S v ' 

m+2 times 

Let a — ft + 7, with e > ft ^> 7, ft —nf ■ n + ■ ■ ■ + c*A ■ n s and 
7 =nf ^ 7o • mo + . . . + lo 1u ■ m u , both in normal form. First consider the case 
in which 7„ > to. Write ft in the following way 

ft = J )a ■ n + . . . + u l)s ■ n s 

S Tlx 

i=0 j=0 
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where ,% = for every i g {0, . . . s}. We do the same for 7, 
7 = cj 70 • m + . . . + cj 7 " • m u 

it mi 
i=0 j=0 

where 7^ = 7$, for every i G {0, ...it}. We use these notations to the base 
w to obtain an explicit form of F(a). Let n = max{ni : < i < s} and 
m = max{mi : < i < u}. Then 

psn(F(a)) =psn(F(/3 + 7 )) 

= psn(F(/3) © F( 7 )) 

s m u rrii 

= psn(F(]T J2 J ^ ) ® F (E E w7lJ )) 

2=0 j=0 2=0 j=0 

s rii u rrii 

= P sn (0 ) © ^V 7lJ )) 

i=0 j=0 i=Q j=0 

s rii u rrii 

= P sn(0 0(^« • 2 + 1) © -2 + 1)) 

i=0 j=Q j__0 

s rii u mi s u 

= p sn (E E • 2 + E E w7lj • 2 + E + E m * ) 

i=0 j=0 i=0 j=0 i=0 i=0 



= psn(/3 • 2 + 7 • 2 + ™i + ^ m t ) 

i=0 i=0 

= psn(a • 2 + rii + m,) 



i=0 i=0 

< 2 • psn(a) + rii + J]] «ii 

i=o 4=0 

< 2 • psn(a) + sn + um 

< 2 • psn(a) + s • psn(/3) + u • psn(7) 

< 2 • psn(a) + (,s + u) ■ psn(a) 

< 2a + (tow _i(a + 1) + tow a _i(a + 1)) • a 
= 2a + 2a • tow a _i(a + 1) 

< 2tow a (a + l). 

The first, the third and the fourth inequality arc justified by the definition of 
the pseudonorm. The second by the dcfiniton of n and m. The second last holds 
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because of 



s < \{( < tow tt _i(a;) : psn(C) < psn(/3)}| 
< |{C < tow a _i(w) : psn(C) < a} 
= tow a _i(a + 1), 

where the equality is due to Lemma 31 and in the same way u < tow a _i(a + 1). 
To see this one uses a similar counting argument as done in Lemma 21 

Let a — (3 + 7, with e > P ^> 7, P =nf ■ no + ■ ■ • + u/ s ■ n s and 
7 =nf UJ ' la ' m o + • • • + w 7 " • m„, both in normal form. Now allow some or all 
/3j and 7$ to be smaller than u). This case is dealt with in the same way as the 
previous one, but one should pay attention to possibly different forms of F(/3) 
and ^(7), since now of 1 ■ m may occur, where n, m € N. 

Let a — /3+7, with /3 » 7 > eo, /3 =jvf 4 -Co + ■ • • + e m '£« m normal form 
and 7 = e 7 ? 1 ^0 + • ■ ■ + e 7n ' % ■ First we consider the case in which -r] u > uj u . 
We write j3 to the base uj, 

where ^ = X)j=o w ^ ' ^ or ever y * £ {0) •••«}• In a similar way we obtain 

where 77^ = J2j=o ; f° r every i S {Q, . . . it}. We use these notations to the 
base ui to obtain an explicit form of F (a). Let r = max{ri : < i < s} and 
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t = max{ii : < i < u}. Then 

pm(f(a)) =psn( J F(/3 + 7 )) 

= psn(F(/3) © F( 7 )) 



Psn (F(X: E " £m ' ft+e < ) © ^(E E - £ ^ 7l+ "' )) 

i__0 i=Q i=0 j=0 



S T% U ti 



pK© jv-*-** ) © )) 
i»(0$(^-J + i)e09(/-^-2 + i)) 

i=0 j=0 i=0 j=0 

P sn(E E ■ 2 + E E • 2 + E * + E *o 

i=0 j=0 i=0 j=0 i=0 i=0 



psn(/3 • 2 + 7 • 2 + E U + E *0 



i=0 1=0 

= psn(a • 2 + E r » + E *<) 

i=0 i=0 
s u 

< 2 • psn(a) + E n + E U 

i=Q i=0 

< 2 • psn(a) + rs + tu 

< 2a + 2 • tow a (tow a (. . . (tow a (a + 1)) . . .)) • tow a _i (tow a (. . . (tow a (a + 1)) . . .)) 

V v ' V » ' 

m times m+1 times 

< 2tOW a (. . . (tow a (a + 1)) . • .)• 

" * ' 

m+2 times 

The first inequality holds by the definition of the pseudonorm. The second by 
the definition of r and t. The third inequality holds because of 

s < |{C < tow fc(/S) _ 1 (e m ) : psn(C) < psn(^)} 
< |{C < tow _i(£ m ) : psn(C) < a}\ 
= tow a _i (tow a (. . . (tow a (a + 1)) . . .))) 

v v ' 

m+1 times 

where the equality is due to Lemma |4l and in the same way 
u < tow a _i (tow a (. . . (tow a (a + 1)) . . .))• 

S v ' 

m+1 times 

To see this one uses a similar counting argument as done in Lemma 0] We also 
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have used 



r <\{( < tow psn((3) (e m _i) : psn(C) < psn(/3)}| 
< |{C < tow a (e m _i) : psn(C) < a} 
= tow a (tow Q (. . . (tow Q (a + 1)) . . .))) 



m times 



and similarly 



u < tow a (tow Q (. . . (tow a (a + 1)) • ■ •))■ 



m times 

Now consider the general case in which a — ft + 7, with ^ > 7 and no 
further restrictions whatsoever. This case is dealt with in the same way as the 
previous ones, but one should pay attention to possibly different forms of F(/3) 
and F( 7 ). □ 

Corollary 1. If 1(a) < m + 1, then 

psn(F(GO(a, a))) < 2 tow a (. . . (tow a (a + 1)) . . .)• 

m+2 times 

Proof. Remark that psn(GO(a, a)) = a and l(GO(a 7 a)) < m + 1. Then use the 
previous lemma. □ 

Lemma 12. For all a, for all /?>a, and for all A and GifG:A^(<(3 + a) 
is strictly decreasing min(j4) > 1 and Vx 6 A, psn(G(a;)) < X, then setting 
w = max{x G A : G(x) > /?} we have: {x S A : x < w} is at most F(a)-large. 

Proof. The proof is an extension of the one in |BK06j . As we allow a and (3 to 
be larger than eq, we need to consider extra cases. Let D = {x G A : G(x) > f3}. 
Case 1': If A = eo, then we have G(oq) < (3 + eq, and so 

G(ai) </3 + GO(ai,£ ) =/3 + GO(ai,tow ai H), 

which is exactly Case 4, already dealt with in [BK06] . 

Case 1" : A = £ m with m > 0. As usual we have G(ao) < /3 + £ m , and so 

G(ai) < /3 + GO(ai, s m ) =f3 + GO(a u tow ai 

We apply the induction hypothesis to a = GO(ai, tow ai (e m _i)) and infer that 
Z?\{a } is at most F(a)-large. Assume that D is not at most F(tow ai (e TO -i))- 
large. Remark that tow ai (e m _i) = w £ «-i- tow »i-i( E ««-i) i so jj [ s 11Q t at most 
tow Ql (e TO -i) • 2 + 1-large. Then D \ {ao} is not at most tow ai (e m _i) • 2-large, so 
E = D\ {a ,maxD} is tow 0l (e m _i) • 2-large. Let z = ^tow ai (e m _ 1 )( a i)- Tnen 

> 2 tow Ql (. . . (tow Ql (ax + 1)) • ■ •) 

V v ' 

m+1 times 

> psn(F(GO(ai,tow ai (e m _i)))), 
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using the results of Corollary Q] and Lemma |5] So 

tow ttl (£ m _i) ^ z F(GO(ai,tow ai (e m _i))), 
hence /if (GO (a 1 ,tow 01 ( £m _i)))( z ) 4- From this we infer that 

(GO(ai : tow ai (e m _ 1 )))( a l) 4' 

and we get a contradiction with the fact that D \ {ao} is at most F(a)-large. 

Case 4' : A = e v m with l(X) = ra > and v > 1. Using the same notation 
as above we see that G(ao) < (3 + e v m , and so 

G(oi) </3 + G0( ai ,O. 

We apply the induction hypothesis to a = GO(ai , £^J and infer that D \ {a } is 
at most F(a)-large. Assume that D is not at most F(e^)-large. Remark that 
e v m = oj £m '", so D is not at most e v m ■ 2 + 1-large. Then D \ {ao} is not at most 
e v m ■ 2-large, so E = D \ {a ,maxD} is e v m ■ 2-large. Let z — hf„ (ai). Remind 
that ^(A) = m. Then 

z = h%J ai ) 
> 2 tow ai (. . . (tow ai (ai + 1)) . . .) 

V 

m+2 times 

>psn(F(GO( ai ,£^))), 
using the results of Corollary [1] and Lemma [5] So 

F(GO( ai ,C))), 

hence ( Q ) (z) i- From this we infer that ( Q ) (ai) -J,, and we get a contradiction 
with the fact that D \ {ao} is at most F(a)-large. □ 

Now we are finally ready to give the estimation lemma. 

Lemma 13. (The estimation lemma) For every a < e u we have: for every A C 
N with min A > 0, if there exists a strictly decreasing function G : A — » (< a) 
such that psn(G(a)) < a for all a£4, then A is at most F(a)-large. 

Proof. Apply the previous lemma with (3 = 0. □ 

4 Partitioning a-large sets 

Definition 6. Let a and /3 be ordinals below £ u . If a = e^ ■ £q + . . . + £ m ' £s 
(in normal form to the base e m ), then define v(e m ;a,S) as the coefficient of e s m 
(and v(e m ;a,6) = if £ S m does not occur in the normal form). Now define 

LD(e m ; a, (3) := max{<5 < e u : v(e m ; a, S) v(e m ;f3, 6)}. 
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Definition 7. Let T C (< e w ) and 9 : T — > (< a). PPe say £/iat 9 is an ordinal 
(or a-ordinal) estimating function if it is strictly increasing and for all 7 G T, 
psn(9(7)) < psn(7). 

Let us make the convention that when working with finite sets of ordinals 
we write them down in decreasing order. 

Definition 8. Let a, /?, 7 < e u . 

fO if LD(e m ;a,/3) < LD(e m ;/3, 7 ), 
L 3 (e m ;a,^,7) := < 1 if LD(e m ;a,/3) = LD(e m ;/3,7), 
[2 2/ LD(e m ;a,/3) > LD(e m ;/3, 7 ). 

Lemma 14. Let T be a finite subset of (< e u ) such that maxT < tow s (e m ). 

1. If L 3 (e m ) colors [T] 3 by 1, then there exists an ordinal estimating function 
9 defined on T with values in (< e m ). 

2. If L^(e m ) colors [r] 3 by 2, then there exists an ordinal estimating function 
9 defined on T \ {minT} with values in (< tow s _i(e m )). 

3. Let 70 = maxT and psn(7o) = a. If psn( 7 o) > s — 1 and L^(e m ) colors 
[r] 3 by 0, then 

\T\ < tow s _i(tow a (. . . (tow a (a + 1)) . . .)) + I- 

m+1 times 

Proof. Let T — {70, . . . , 7r— 1} be a decreasing enumeration of T. Since maxT < 
tow s (e m ), we have £( 7 j) < m + 1 for every i £ {0, r — 1}. 

1. Let 7,; = ,o + • + r ii be written in normal form to the base s m . In this 
case neither p nor Si depends on i. Put 9( 7 j) = £j. 9 has the required 
properties (use Lemma [I}. 

2. Put 5j = LD(e m ; 7^, 7i_|_i) and 0( 7 i) = Si. has the required properties 
(use Lemma [T]). In particular, its values are smaller than tow s _i(e m ). 

3. Put Si = LD(e m ; 7^, 7^+1). We assert that occurs with a nonzero 
coefficient in the Cantor normal form expansion to the base e m of 70 for 
every i < r — 1. Indeed, fix i < r — 1. We write 74 = pi + e s n \ ■ + n 
and compare this with the expansion of ji+i to the base e m . We see that 
£i must be greater than the coefficient at in the expansion of 7i+i. In 
particular, £j > 0. Then 

|r| = |{<y i: i<r-i}| + i 

< I {a < tow s _i(E OT ) : psn(a) < a}\ + 1 
= tow s _i (tow a (. . . (tow a (a + 1)) . . .)) + 1, 

S * ' 

m+1 times 

where the last equality holds by Lemma |4j (Remark that we required 
a>s- 1.) 
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Lemma 15. Let m > 0. Then for every k > 3 there existst a partition Lk(s m ) 

°f[£u\ k into 3 fe_2 parts such that for every T C (< s u ) homogeneous for Lk(e m ) , 

i/maxr < towfc_i(e m ) and psn(maxr) > k — 2, then letting V be T without 

the last ^ 2 ^ fc — — elements we have: there exists an ordinal estimating function 

9 : T' — > (< e m ) or \T\ < towfc_2(tow (. . . (tow a (a + 1)) •••)) + k — 2, where 

» „ ' 

m+l times 

a = psn(maxr). 

Proof. By induction on k. 

k = 3 : See Lemma [Ml above. 

fc — > k + 1 : in the same way as done in |BK 06 . Assume the result for k. 
We construct the partition for k + 1. Let a = (a , . . . , a k ) be a (fc + l)-tuple 
of ordinals below s u . We begin by putting G(a) — L 3 (e m ;a a ,a 1 ,a 2 ) 7 so this 
does not depend on the last k — 2 coordinates of the sequence a. We have: if T 
is homogeneous for G, then T" is homogeneous for I/3(e m ), where T" denotes T 
without its last k — 2 elements. 

For a as above we let S l — LD(£ m ;a',a ,+1 ). This fc-tuple is not necessarily 
monotonic. Let 

if 5° > ... > 5 k -\ 

if 5° < ... < a*- 1 , 

in other cases. 

Finally we put Lk+i(e m ;a) = (G(a),W(a)) . We assert that this partition has 
the right properties. So let T = {70, . . . , 7r- 1} written in decreasing order and 
monochromatic for Lk+i(e m ) and let T" denote T without its last (i.e. smallest) 
k — 2 elements. Also let T' denote the set under consideration, i.e. T without 
its last fc 3 elements. 

Case 1. G colours [T] k+1 by 1. Then L 3 (e m ) colours [r"] 3 by 1, so by part 
1. of Lemma 1 141 there exists a function e m -ordinal estimating T". The domain 
of this function contains the required set V . 

Case 2. G colours [r] fe+1 by 2. Then L 3 {e m ) colours [r"] 3 by 2. Let 
5i = LD(e m ; 7i, 7i + i) for i < (r — 1) — (k — 2). By the assumption of the case, 
the set A = {So, . . . ,6 r -k} is written in decreasing order. By homogeneity of 
r with respect to W, the set A is monochromatic with respect to Lk(e m ). We 
distinguish two subcases. 

Subcase (a). |A| < towfc_2(tow a (. . . (tow a (a + 1)) ...))+ k — 2, where a = 

V v ' 

m+l times 

psn(maxA). Obviously psn(max A) < psn(maxr") = psn(maxr), so 
|r"| < tow fc _ 2 (tow a ,(. . . (tow a /(a' + 1)) ...)) + k - 1, 

S / 

m+l times 



Lfc^;^,...,^- 1 ) 
W(a) = {L k (e m ;8 k -\...,5°) 
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where a! = psn(maxr). Thus |T| is smaller than or equal to 
tow fe _ 2 (tow a /(. . . (tow a /(a' + 1)) ...)) + k - 1 + k -2 

" v ' 

m+1 times 

< tow fc _ 2 (tow a /(. . . (tow a /(a' + 1)) .. .)) +k - 1 + a 

V v ' 

m+1 times 

< tow fe _i(tow a /(. . . (tow a /(a' + 1)) ...))+ k - 1, 

, ' 

m+1 times 

so the second case in the lemma holds. 

Subcase (b) . There exists a function which ordinal Em-estimates A without 
its last ( fc ~ 2 K fc ~ 1 ) elements. Consider the function h-> Q(Si). This function 
Em-ordinal estimates T without its last ( fc 2 K fc 1 ) + 1 + — 2 = fc( - fc ~ 1 ' ) elements. 
In order to see that this function indeed has the required property, remind that 
i(7i) — 1 < m and apply Lemma [TJ 

Case 3. G colours [r] fe+1 by and so L 3 (e m ) colours [r"] 3 by 0. We know 
that maxT" = maxT = 70 < towk(e m ) and that a = psn(7o) > k — 1. Now 
part 3. of Lemma [14] yields 

|r"| < tow fc _ x (tow (. . . (tow a (a + 1)) . . .)) + 1, 
» ' 

m+1 times 

and so 

|L| < tow fe -i(tow (. . . (tow a (a + 1)) ...)) + k - 1. 

" v ' 

m+1 times 

This completes the induction step and consequently the proof. □ 

Let \x be an ordinal and A be a subset of the natural numbers, such that 
A \ {max A} is ^i-small. We associate an ordinal KS A (^, a) to ^ and a G A. For 
a proper definition, we refer to the remark after Theorem 2.6 in [BK06] . We 
need the following lemma. 

Lemma 16. Let /1 be an ordinal, A C N, such that A \ {max A} is \x-small and 
psn(/i) < min A. Then psn(KS j4 (/i; a)) < a for every a 6 A. 

Proof. Let S(a) denote the following statement: 

(V/3)[(psn(a) <a&Q is nonlimit) (psn(/3) < a)] 

We first prove (Va)S f (o;) by induction on a. In all cases /3 < a, since a => a ft. 
If ft = a, then there is nothing to prove, so we will assume /3 < a. 
The case a = is trivial. 

Assume a = 7 + 1, psn(a) < a and a => a /3, with j3 nonlimit. Then 
psn(7) < psn(7 + 1) < a and a[a] = 7, so 7 => a (3. The induction hypothesis 
applied to 7 yields psn(/3) < a. 

Assume a is a limit ordinal and the statement holds for all 7 < a. We have 
two different cases: 
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1. psn(a[a]) < a : Since a [a] => a /3 and a[a] < a, we can apply the induction 
hypothesis and obtain psn(/3) < a. 

2. psn(a[a]) = a + 1 : This can only happen in the case that a = e m for some 
m < 0. We have 

a[a] equals tow a (e m ); 
a [a] [a] equals a [a], with the top e m replaced by tow Q (£ m _i); 
a[a][a][a] equals a [a] [a], with the top e m _i replaced by tow a (e m _2); 



a [a] .. . [a] equals a[a] . . . [a] , with the top £o replaced by tow Q (w); 

m+2 times m+1 times 

a[a] . . . [a] equals a[a] . . . [a] , with the top oj replaced by a. 

m+3 times m+2 times 

Put 5 = a [a] ... [a] . Since /3 is nonlimit it does not appear in the previous 

m+3 times 

list of ordinals, so 6 =^ Q j3 (remind that a => Q j3). Moreover, one can 
easily verify that psn(<5) < a. The induction hypothesis applied to (5 yields 
psn(/3) < a. 

Now return to the actual statement we would like to prove. Let A = {ao, . . . , a r }. 
Take any at G A and apply i + 1 times the statement S(a) in the following way: 

1 a = fi, a = ciq and (5 — KS A (ii; ao) yield psn(KS^(/i; ao)) < ao; 

2 a = KS (/x; ao), a = a\ and fi — KS^(/i; a\) yield psn(KS" 4 (^t; ai)) < ai; 



i+1 a = KS (ii; a,-_i), a = a^ and /3 = KS (li; ai) yield psn(KS (/x; aj)) < a$. 

We have obtained psn(KS A (/x; a^)) < a,. □ 

Theorem 1. Let fe > 3 and m > 0. Let A C N 6e af most taw k-2{£m) -large 
with min A > k and minA > 3. Then there exists a partition Rk : [A] k — > 3 fe ~ 2 
such that every D C A homogeneous for Rk is at most F(e m ) + ( fc 2 ^ k ~ x ^ -large. 

Proof. Let A satisfy the assumption. Let Lk(e m ) be a partition of [eu] with 
the properties described in Lemma fT5l For a — (a , . . . , a* -1 ) we let 

R k (a) = L fc (e m ;KS A (tow fe „ 1 (£ m ); a ), . . . , KS A (tow^i(e m ); a^ 1 )) 

and verify that this partition has the desired properties. So let D be a subset 
of A which is homogeneous for R k . Then T = {KS A (tow fe _i(e ro ); d) : d e D} 
is homogeneous for Lk(e m ). Let V denote T without its ( fc ~ 2 K fc ~ 1 ) smallest 
elements and let D' be D without its ( fc ~ 2 )( fc ~ 1 ) \ as i ([ e ^ greatest) elements. 



20 



Case 1. There exists an ordinal estimating function : V — > (< e m ). 
Define G : D' -> (< e m ) by G(d) = 6(KS A (towfc_i (e m ); d)), for every d G £>'. 
Then G is strictly decreasing and for every d £ D' , 

psn(G(d)) = psn(e(KS A (tow fc _ 1 ( £m );d))) 

< psn(KS A (tow fc _i(£ m );d)) 

< d. 

The last inequality holds because of LemmafTol since A\{max A} is towfc_i (e m )- 
small and 

psn(towfc_i (e m )) — k < minA 

Then D' is at most F(e m )-large by the estimation lemma, and the result follows. 
(A minor point should be remarked here. The greatest elements of L correspond 
to the smallest elements of D, thus to obtain the required conclusion we apply 
Lemma 5 in |BK99j .) 

Case 2. Since psn(maxr) = do = mini? > minA > fc, we have 

|r| < tow fe _ 2 (tow do (. . . (tow do (d + 1)) ...)) + k - 2 

" v ' 

m+1 times 

< tow rfo (. . . (tow do (d + 1)) . . .) 

V v ' 

m+2 times 

< ^w 2 -2d (m+2)(do) 

< h e m (do), 

where the last inequality is a result from Lemma [7] Since \D\ = \T\, D is 
£ m -small, and so F(e m )-small, for in > 0. □ 

Corollary 2. Let to, fc e N and a = F{e m ) + (fc ~ 2) 2 (fc ~ 1) +1. Let A be such that 
A (a)g fc _ 2; 3 < fc < min(^4) and 3 < minA. Then A is tow^^^m)-^^. 

Proof. The following claim is proven in B K06] by induction on a. 

Claim: for every B, if B is a-small, then there exists C such that maxB < 
minC and B U C is exactly a-large. 

Granted the claim we argue as follows. Assume that A is towfc_2(e m )-small. 
Let C be as in the claim, so minA < maxC and A U C is exactly towfc_2(£ m )- 
large. By Theorem Q] there exists a partition L of [A U C] into 3 fc_2 parts 
without an F(e m ) + ( k - 2 )i k - 1 ) _|_ i_i ar g e monochromatic set. We restrict L to 
[A] k and see that this restriction does not admit an F(e m ) + ( fc ~ 2 K fc ~ 1 ) + 1-large 
monochromatic set. □ 

This last corollary will be useful to prove a miniaturisation of the infinite 
Ramsey Theorem. 
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